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1. INTRODUCTION 
Let ~ C R N be a bounded region with the usual Lebesgue measure m, and let a mapping 
S : ~ --~ ~ be Lebesgue measurable such that re(A) = 0 implies m(S-I(A)) = 0, for all 
measurable subsets A of ~. The Frobenius-Perron operator P : LI(~) -~ LI(~) associated 
with S is defined by 
fA Pf  dm = fS_l(A ) f din. 
It is well known that P is linear and is a Markov operator, and that any fixed point of P is the 
Radon-Nikodym derivative of an absolutely continuous S-invariant finite (signed) measure. The 
existence and computation of such invariant measures are important in studying many physical 
problems [1]. 
The motivation of this paper is investigating the fixed-point problem from both the theoretical 
and numerical point of view. This problem is a difficult one since L 1 is not reflexive and P is 
noncompact in general. The analysis of P is mainly based on different compactness arguments 
for the L 1 space. A large part of the work so far employs the notion of variation in one or higher 
dimensions with the help of the classic Helly theorem and the multidimensional generalization. 
Thus, the approach to the fixed-point problem of P for some classes of mappings is based on the 
variation inequality 
V(P / )  <_ ~V(y) + ~ll/ll, (1) 
where V(f) is the variation of f over its domain, a < 1, and II/11 = fn Ill din. This condition 
guarantees the existence of a nontrivial fixed point of P and the convergence of approximate 
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fixed points of P to an exact one for some classes of numerical methods uch as Ulam's original 
piecewise constant scheme. See [2-6] for more details. 
In many cases, (1) is not satisfied by a Frobenius-Perron operator. For example, for S(x) = 
41(1 -x )  on [0, 1], the corresponding Frobenius-Perron operator P cannot satisfy (1) since its 
unique fixed density 
1 
f*(x) = 7rv/.. ~ _ x) 
is not of bounded variation. Hence, for such kinds of mappings, we need explore other compactness 
arguments for the difficult L 1 space. 
In this paper, we use a similar inequality to (1) in terms of the L2-norm to prove the existence 
result and the convergence of general projection methods, based on the fact that any L2-norm 
bounded set in Ll(f~) is precompact in the weak topology of Ll(f~) and orthogonal projection 
operators in an L2-space have norm 1. The next section will be about the existence proof, 
and Section 3 is devoted to the convergence analysis of projection methods. Finally, a unified 
approach will occupy Section 4. 
2. THE EX ISTENCE OF  F IXED POINTS 
Throughout his paper, we assume that the Frobenius-Perron operator P : Ll(fl) --. L1(~2) 
associated with S : f~ ~ ft satisfies the following condition. 
CONDITION (I). Pf  e L2(f~), for all f • L2(f~) and there are two constants a < 1 and/3 such 
that 
HPfH2 <_ otllfl[2 -I-/3Hfll, (2) 
where Ilfl12 = (fn Ill 2 din) x/2" 
The following is a standard result in functional analysis. 
LEMMA 2.1. Let (X,E,#) be a measure space. Then any bounded subset of L2(X) is weakly 
precompact in L2(X). Thus in the case that #(X) < ~,  any bounded subset of L2(X) is weakly 
precompact in L 1 (X). 
THEOREM 2.1. Let S : f~ ~ f~ be such that the Frobenius-Perron operator P satisfies Condi- 
tion (I). Then there is a fixed density f* of P. Furthermore, f* • L2(f~). 
PROOF. Let f be a density function that also belongs to L2(f~); for example, f = 1/m(II). Then, 
by (2), the iterates pn satisfy 
n--1 /3 
IIP"flI2 < ~"llYl12 +/3 ~ ~ < a"llYll2 + 1 ---'S--d" 
i=0 
n -1  It follows that for An = n-a ~'~i=0 P~, 
/3 
I IA.fll2 -< Ilfl12 + 1 - ~ - M. 
That is, {A,~y} is uniformly bounded in the LZ-norm. Since m(f~) < c~, by Lemma 2.1, {An f} 
is weakly precompact in Ll(f~). Hence, by the Kakutani-Yosida theorem [1], 
lim Anf  = f* 
strongly in Ll(f~) to some f* • Ll(f~) and Pf* = f*. Since P maps densities to densities and f 
is a density, f* is a fixed density of P. The last conclusion follows from the fact that IIA.fllz are 
uniformly bounded in L2(f~). II 
REMARK 2.1. If we assume that P/F(f~) C LP(~2) and there are two constants a < 1 and/3 such 
that 
liP/lip -< ~llfllp +/311Ill, v /•  LP(n), 
where 1 < p < c~, the same conclusion holds. 
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3.  THE PROJECT ION METHOD 
Now we show that the numerical method based on the concept of Galerkin's projection principle 
is convergent for computing a fixed density of the Frobenius-Perron operator that satisfies the 
condition of Theorem 2.1. Let An C L~(f~) be a sequence of finite dimensional subspaces of 
L 1 (f~) N L ~ (f~); for example, An may be the subspace of piecewise polynomials corresponding 
to a partition of fL Denote (f, 9) = fn fgdm if the right side is well defined; e.g., f E Ll(f~) and 
9 E L~(~) ,  or f, 9 E L2(f~). Let Qn : LI(12) --~ An be the associated projection operator that 
is defined by the condition 
(Qnf -  f ,g) = O, Vg ~ An. 
We assume that for any f E L2(12), 
lim I IQ J  - fl12 = 0. (3) 
n---~ OO 
Now define Pn = QnP. Then, restricted to An, Pn is a finite dimensional pproximation of P. 
The main step in the projection method is to solve the fixed-point problem Pnf  = f in An. 
Under mild conditions, Pn do have nontrivial fixed points (cf. [4,6]). 
Now we prove the convergence of the projection method for the class of Frobenius-Perron 
operators P that were studied in the previous ection. 
THEOREM 3.1. Let the b-~obenius-Perron perator P satisfy (2). (If the sequence {Qn} of the 
projections atisfies (3) and Pn has a unit fixed point fn E An, for o21 n.) Then the sequence 
{fn} contains a subsequence {fn,} which converges weakly to a fixed point of P. 
PROOF. Let fn 6 An be a fixed point of Pn such that [[fn[[ = 1. Since Qn : L2(f~) --* L:(f~) is 
an orthogonal projection [[Qn[[2 = 1. Thus, from (2), we have 
11/-112 = IIPnfnllz = IIQ-Pfnll2 < IIPfnll2 -< ~llfnll2 + f~. 
Hence, for all n, 
Ill-112 -< 1 - c~ (4) 
Therefore, Lemma 2.1 implies that there is a subsequence {fn~} such that fn~ ~ f* weakly in 
both L2(f~) and LX(fl) for some f* E L2(f~) C Ll(f~). 
Now we prove that P f* = f*. By (2) and (4), 
I[(P,, - P) (fn, - f*)l12 < IlQn -/112 [[Pf,, - Pf*ll2 < ~llf,,l lz + f~ + IIPf*l[2 
<- 1 -~ +f~+ IlPf*ll2 = --1_~ + IlPf*ll2. 
Thus, for any 9 E L2(ft), using (3) we obtain 
lim ((Pn, - P) (fn, - f*) , (I - Qn,)9) = O, 
from which it follows that 
(f* - Pf* ,9)  = (f* - fn,,9) + (fn, - Pn, fn,,9) + ((Pn, - P)(fn, - f*) ,9)  
+ (P(fn, - f ) ,9)  + (Pn, f* - PI* ,9) 
= (1" - / . , ,a )  + ( (P . ,  - P ) ( / . ,  - Y* ) ,a )  
- -  P ,  * +(fn ,  f ,  Ug) + ( . , f  - Py* ,g)  
= ( f *  - I . , , a )  + ( (P~,  - P ) (1 . ,  - I * ) ,  ( I  - Q . , )g )  
+ (/ . ,  - Y, Ua) + (P., Y* - P I * ,  9) -~ o. 
Hence, PI* = f*. Here U : L ~ (f~) ~ L ~ (f~) is the Koopman operator which is the dual of the 
Frobenius-Perron operator P. | 
REMARK 3.1. A similar argument can be used to prove the convergence ofthe projection method 
in the case of Remark 2.1. 
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4. A UNIF IED APPROACH 
The idea of using the weak compactness argument leads to the following general approach. 
Suppose (X, E, p) is a c-finite measure, S : X --* X is a nonsingular transformation, and P : 
L I (x )  ~ L I (x )  is the corresponding Probenius-Perron operator. Let B C LI(X) be a Banach 
space that is dense under the norm topology of L I (x) ,  and the unit closed ball of B is weakly 
compact in LI(X). Similar to Theorem 2.1, we have the following. 
THEOREM 4. i. Suppose P satisfies that PB C B and there are two constants c~ < 1 and/3 such 
that for MI f E B, 
lie/liB _< all/liB + ~11/11. 
Then P has a fixed density. 
Now let Vn C B be a sequence of finite dimensional subspaces of LX(X) and let Q,  : LI(X) 
, Vn be a sequence of bounded linear operators. Denote Pn = QnP. 
THEOREM 4.2. Suppose that P satisfies the condition of Theorem 4.1 and the sequence {Qn} 
satisfies 
(i) I IQJII8 -< 7llfllB, for ca1 f ~ B; 
(ii) limn--.oo IIQ-f - YlIB = O, for an y ~ B; 
(iii) Pn has a nonzero fixed point in Vn; 
(iv) 7a < 1. 
Then for any sequence fn C Vn of Pn with unit norm in LI(X), there is a subsequence {/n,} 
of {fn } that weakly converges to a fixed point of P. 
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